Abstract. Let K be a CM-field that is a quadratic extension of a totally real number field k . Under a technical assumption, we show that the relative class number of K is large compared with the absolute value of the discriminant of K, provided that the Dedekind zeta function of k has a real zero 5 such that 0 < s < 1 . This result will enable us to get sharp upper bounds on conductors of totally imaginary abelian number fields with class number one or with prescribed ideal class groups.
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Let K be a CM-field that is a quadratic extension of a totally real number field k.
If the Dedekind zeta function of K is nonpositive at some so that belongs to the interval ]0, 1 [, then it is well known that we can get good lower bounds for the residue at 5 = 1 of this zeta function and for the relative class number of K. In Proposition A, we give explicit forms of such a result. They will enable us to consider in Corollary c the class number one problem for cyclotomic fields in a more efficient way than those one can find in the literature (see [7, 12] ). Now, if the Dedekind zeta function of k has a zero in ]0, 1 [, then in Theorem 1 we give lower bounds for the relative class number of K. Our proof assumes the technical assumption d(K) > 4Nd(k)2 where N is the degree of k and where <7(k) and d(K) are the absolute values of the discriminants of k and K.
Let us stress that, under this previous technical assumption, one remarkable consequence of Theorem 1 is that the zeta function of k has no real zeros in the open interval ]0, 1 [ provided that the relative class number of K is less than or equal to 2 (or provided that this relative class number is not "too large"). If we can deduce from this that the zeta function of K is nonpositive on this interval, then from our previous lower bounds for the relative class numbers we may get very good upper bounds on the discriminants of K, provided that the relative class number of K is less than or equal to 2 (or provided that this relative class number if not "too large").
Our main application of these techniques is the proof in Corollary b that the zeta function of the real quadratic subfield k of a totally imaginary cyclic quartic number field K with ideal class group of exponent < 2 and discriminant d(K) has no real zero in the interval 1 -2/Log(d(K)) < s < 1. This is the result we needed in [5] in order to prove that there are exactly 33 such quartic number fields.
Let k be an algebraic number field with class number h(k) and regulator Reg(k). Let d(k) be the absolute value of the discriminant of k. Set Whenever y £ (R;)r'+r2, we set \\y\W = lVi.yr,)(>V1+i.yri+n)2, so that ||Ay||k = XN\\y\\, X > 0;
Trk(y) = yi + • • • + yr, + 2(yri+x +■■■+ yrx+fl), so that Trk(Xy) = Xy.
It is well known (see [4] ) that we have the integral representation
where the sum is taken over all integral ideals B ^ 0 of k. From now on, we assume that 5 is a real number such that j < s < 1 . Moreover, we have the natural injection map /K/k from the group of fractional ideals of k in the group of fractional ideals of K that satisfies AW'K/k(B))2/2;V = *WB)2ŵ henever B is an integral ideal of k. We thus get and from (3) we have
where the sums are taken over all integral ideals B ^ 0 of k. We change variables in (4), making the multiplicative translation y -
Now, as K is a CM-field of degree 27V that is a quadratic extension of a totally real number field k of degree N, it is well known that we have
where h*(K) is the relative class number of K and where Q= 1 or 2 (see [12, Theorem 4.12] ). Moreover, if \ < so < 1 is a real zero of Ck, then we have Ck(so) = 0 since K/k is normal, so that T^sn) = Fk(s0) = 0, so that
Hence, we get the following theorem whose assertion (b) is much more precise than the one given in [6] (note that as soon as the totally real number field k is fixed, then there are only finitely many totally imaginary number fields K that are quadratic extensions of k and such that d(K) < 4Nd(k)2): Theorem 1. Let K be a CM-field of degree 2N that is a quadratic extension of a totally real number field k of degree N. Let us suppose that we have
If the Dedekind zeta function of k has a real zero so such that j < So < 1, then we have the three following lower bounds for the relative class number h*(K) ofK:
Hence, the zeta function of k has no real zero in the interval 1 -2/ Log(tf (K)) < 5 < 1 provided that we have h*(K) < ^d(KJ/e2Nd(k).
Remark. Theorem 1 does not apply to the class number one problem for cyclotomic fields, for d(K) -d(k)2 whenever K = Q(C«) with n not a prime power, and d(K) -pd(k)2 whenever K = Q(CP"), with p an odd prime. Nevertheless, in Corollary c, we will manage to consider the class number one problem for cyclotomic fields (with prime powers conductors). Theorem 1 does not apply to the class number one problem for totally imaginary biquadratic abelian number fields with group (Z/2Z)2, for d(K) = <i(k)2 whenever K = Q(V/=P, V^Q), p and q prime and congruent to 3 mod 4.
In fact, Theorem 1 applies nicely to class numbers problems for totally imaginary cyclic number fields with bounded degrees. (iv) xx = 1 -PN(nN)e~nN is an increasing sequence that converges towards 1, so that xN > |, TV > 2. Proof. Part (iii) is proved from (ii) using the fact that the domain {y; y £ (R%)N, y, > x and N > Tr(y)} is included in the domain {y;y£ (R%)N and 1 > ||y|| > xN} and changing variables making the translation y,-= x + Yj/2n. Part (iv) follows from the inequality PN+l((N + l)n) < enPn(Nn). Indeed, we have <<?(l+*)fiv(M0. D Remark. Theorems 1 and 2 apply nicely to the determination of CM-fields K with "small" class numbers, provided that the fields K are CM-fields that are quadratic extensions of totally real number fields k such that Cit/Ck is nonnegative on ]0, 1[. Indeed, Theorem 1 then implies that the zeta functions £k have no real zero in the interval 1 -2/Log(ri(K)) < s < 1. Hence, Ck(sn) < 0 and Ck(so) < 0 with So = 1 -2/Log(<i(K)), so that Theorem 2 provides us with good lower bounds for h*(K). Since we seek "small" class numbers, this will provide us with upper bounds on d(K).
Let us point out that these assumptions " Cx/Ck are nonnegative on ]0, 1[" are satisfied as soon as the number fields K are totally imaginary and cyclic over Q and such that 4 divides [K: Q] = 2N, for Cx/Ck is then a product of L-functions that come in conjugate pairs.
For example, we first give the following corollary, which greatly improves upon the upper bounds given in [1] Proof. If the ideal class group of K is of exponent < 2, then k is principal and fk = 8 or fk is prime and such that fk = 1 (mod 4). Conversely, if fk = 1 (mod 4) is prime, if k is principal, and if we define ft by means of / = fkf2, then the ideal class group of K has 2-rank t -1 where t is the number of prime ideals that ramify in the quadratic extension K/k. Hence, t< l+2a>(f2) where co(f2) is the number of prime divisors of fi (the proofs of these assertions can be found in [5] ). Let us suppose that the Dedekind zeta function of k had a real zero so such that 1 -2/Log(d(K)) < s0 < 1. Then, as d(K) = fkf2 = fk3f22 and d(k) = fk, Theorem 1 would imply 4(0^) > h(K) > h*(K) > ^fkf1/4e. Now, fk > 211 implies y/]k/4e > 4/3, so that we would have 40>^l) > 4/2/3. Since 4 divides fi as soon as fi is even, this inequality is never satisfied.
On the other hand, if 5 < fk < 211, then 5 i-» L(s, XfJ has no zero on ]0, 1[ (see [9] ). Thus, we get the desired result. □ Lower bounds for the relative class numbers of cyclotomic fields. Now, we would like to show that Theorem 2 applies to CM-fields with unbounded degrees. For example, we show that Theorem 2(b) enables us to get good upper bounds on the conductors of the cyclotomic fields (with prime-power conductors) with relative class numbers equal to 1. We first give a less tedious proof and more precise form of Lemma 11.5 of Washington [12] ; i.e., we give an upper bound on Resi(k) with k being the maximal totally real subfield of a cyclotomic field with prime power conductor. Proof. We have k>0 \ n=kf+3 / Now, n i-» Log(n)/na decreases for n > 3 provided that we have a > l/Log(3). Moreover, in each set of / consecutive integers there are N of them such that x(n) = -1 and TV of them such that x(n) = +1. Hence, for each k > 0 we have Noticing that we have d(K) > pp~2 , then thanks to Theorem 3 we may apply Theorem 2(b), so that we get the following lower bound from which we get the desired results:
